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Improved First-Order Approximation
of Eigenvalues and Eigenvectors
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A method based on reduced basis approximation concepts is presented for improved � rst-order approximation
of eigenvalues and eigenvectors of modi� ed structural dynamic systems. The terms of a local approximationbased
on Taylor or matrix power series are used as basis vectors for approximating the perturbed eigenparameters.
For each eigenmode, a reduced eigensystem is generated by using the baseline eigenvector and the � rst-order
approximation term as Ritz vectors. The solution of the reduced eigensystem leads to two possible estimates of
each perturbed eigenvalue and eigenvector. Criteria for selection of the best approximation are presented. The
zero- and � rst-order Rayleigh quotient approximation can be directly recovered as special cases of the present
method. Results are presented for approximate dynamic reanalysis of a 25-bar planar truss structure. It is shown
that high-quality approximation of the perturbed eigenparameters can be obtained for moderate perturbations
in the stiffness and mass matrices. For very large local perturbations of the structure, including deletion of some
structural members, it is shown that the present method yields reasonable-quality approximations.

Introduction

T HE problemof predictingthe dynamic responsecharacteristics
of modi� ed structures has attracted a good deal of attention

in the structural dynamics and structural optimization communi-
ties. This has been primarily due to the ever-increasingdemand for
fastercomputationalproceduresfor theoptimaldesignof large-scale
structures, including robustness analyses of structural and control
systems. Furthermore, these procedures can also be applied to the
task of reconciliation of analytical models with vibration test data
and structural damage identi� cation.

Traditionally,a truncatedTaylor or matrix power series evaluated
at a nominal design point is used to approximate the eigenparame-
ters of modi� ed structures (see, for example, Refs. 1 and 2). Earlier
studies3 indicated that the quality of local approximation can be
improved by using the reciprocal design variables as intermediate
variables in the Taylor series expansion. Woo4 proposed a general-
ized hybrid constraint (GHC) approximationstrategy, which uses a
mix of directand reciprocaldesignvariablesto arriveat conservative
approximations. However, it is well known that the eigenparame-
ters are highly nonlinear in both the direct and reciprocal design
spaces. Hence, local-approximation concepts can be applied only
for small perturbations in the stiffness and mass matrices. Even the
use of higher-order terms in the local-approximationseries cannot
guarantee convergence for moderate to large perturbations in the
structural parameters. The implication of this observation in the
context of structural optimization is that severe move limits have
to be imposed in line searches to ensure convergence to a feasible
design.

Very few studies in the literature have addressed the structural
dynamic reanalysis problem for moderate to large perturbations in
the structural parameters. The approaches currently in use can be
broadly classi� ed into direct and iterative approaches. The objec-
tive of most direct approaches is to increase the range of validity
of local approximation techniques. Inamura5 proposed an approx-
imation procedure in which the eigenpair perturbation equations
are interpretedas differential equations in terms of the perturbation
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parameters. It was shown that excellent improvements over the lo-
cal approximationcan be obtained for moderate perturbationsin the
structural parameters. A procedureusing the eigensensitivityequa-
tions was developed by Pritchard and Adelman6 based on a similar
line of approach.Can� eld7 conducteda study to determine the most
fundamentalintermediatevariables for approximating the eigenval-
ues. It was shown that the use of modal strain and kinetic energy
as intermediate variables results in better accuracy as compared to
local approximationbased on either direct or reciprocaldesign vari-
ables or the GHC strategy. Similar observations were made earlier
by Murthy and Haftka.8

High9 proposed an iterativemodal method to compute the pertur-
bations in the frequenciesand mode shapes.Later studies by Eldred
et al.10 indicated that dif� culties may arise in the convergence of
High’s method for moderate eigenpair perturbations.An improved
normalization scheme was proposed to improve the convergence
properties of High’s method.

An iterative higher-order eigenperturbation (HOEP) procedure,
which makes use of the nonlinear form of the eigenproblempertur-
bation equations,was developedby Eldred et al.11 It was shown that
this method converges to the exact solution for moderate to large
perturbations in the system matrices of the order of 150%. An ex-
act method based on the block Lanczos algorithm was proposed by
Carey et al.12 Even though both these procedurescan provide exact
results, the computationaleffort involved is substantialcompared to
the direct approaches mentioned earlier.

More recently, Balmes13 presented a novel approach in which a
� nite element model is represented as a parametric family of re-
duced order. The full-order � nite element model is reduced using a
transformation matrix composed of the response vectors evaluated
at different points in the design space. Extremely encouraging re-
sults were obtained for approximate static and dynamic reanalysis
of a cantilevered box beam structure.

The main difference between the present method and Balmes’s
approachis that thebasisvectorschosenhereare an implicit function
of the extentof perturbationin the structuralparameters.In contrast,
Balmes’s approach13 uses constant basis vectors that are invariant
to the parametric perturbations.Also, here we seek to approximate
each eigenmode independently,which is expected to result in better
computationalef� ciency, especiallyfor cases in which a large num-
ber of eigenpairs are to be reanalyzedor the size of the design space
under considerationis large. It is also of interest to note that a proce-
dure on similar lines was developed earlier by Kirsch14;15 and was
appliedwith a great deal of success to approximatestatic reanalysis.

This paper presents a direct solution procedure for approxi-
mate reanalysis of the eigenvalues and eigenvectors of modi� ed
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structures. The results of a single precise analysis computed at a
nominal design point are used to approximate the perturbed eigen-
parameters.The baselineeigenvectorand the � rst-orderapproxima-
tion term are used as basis vectors along with undeterminedscaling
factors to approximate the perturbed eigenvector. The scaling fac-
tors are then determined via Ritz analysis of the perturbed eigen-
value problem using these basis vectors, i.e., by solving a reduced
2 £ 2 eigensystem for each eigenmode of interest. This results in
two possibleestimatesof the perturbedeigenpair. Criteria for selec-
tion of the best approximation are presented.The proposed method
is applied to approximate dynamic reanalysis of a 25-bar planar
truss structure. The results are compared with those obtained us-
ing a � rst-order Taylor series approximationand Rayleigh quotient
approximations. It is shown that high-quality approximation of the
eigenvaluesand eigenvectorscan be obtained for simultaneousper-
turbations in the stiffness and mass matrices of the order of §50%.
For cases involving local perturbationsin the stiffness and mass ma-
trices, it is shown that the presentmethod yields nearly exact results
for very large perturbations.

Problem Statement and Conventional Methods
The free-vibration undamped natural frequencies and mode

shapes of a linear structural system can be computed by solving
the algebraic eigenvalue problem

[K0]fÁ0gi D ¸0
i [M0]fÁ0gi .1/

where [K0]; [M0] 2 <n £ n are the structural stiffness and mass ma-
trix, respectively.The systemmatricesare consideredto be a general
function of the design variables denoted by fXg D fx1; x2; : : : ; xpg,
and ¸0

i and fÁ0gi are the eigenvalue and eigenvector of mode i ,
respectively.

Consider the case wherein the design variables are perturbed by
f1Xg. Let [1K] and [1M] be the correspondingperturbationin the
stiffness and mass matrices. The perturbed eigenvalueproblem can
be written as

.[K0] C [1K]/ fÁ0gi C f1Ági D ¸0
i C 1¸i

£ .[M0] C [1M]/ fÁ0gi C f1Ági (2)

where 1¸i and f1Ági are the eigenvalue and eigenvector perturba-
tion, respectively.Equation (2) can be written in a compact form as

[K]fÁgi D ¸i [M]fÁgi .3/

Often it is found that, even for small to moderate perturbationsin
the stiffness and mass matrices, signi� cant alterations in the modal
characteristicsof the structuremay occur.Hence,an exact reanalysis
becomes necessary to compute the perturbed eigenparameterswith
suf� cient accuracy. The objective of approximate reanalysis proce-
dures is the computationof the perturbedeigenparametersusing the
results of exact analysis for the baseline system without recourse to
solving Eq. (3) in its exact form.

Conventional First-Order Approximation of Eigenparameters
Typically, the perturbationsin the eigenparametersare calculated

using � rst-order sensitivity information as

1¸i D
p

j D 1

@¸i

@x j
1x j .4/

and

f1Ági D
p

j D 1

@fÁgi

@x j
1x j .5/

where @¸i =@x j and @fÁgi=@x j are the sensitivitiesof the eigenvalues
and eigenvectors with respect to the structural parameters, respec-
tively. The eigenvalueand eigenvectorderivativescan be calculated
from

@¸i

@ x j

D fÁ0gT
i

@[K]

@x j

¡ ¸0
i

@[M]

@x j

fÁ0gi (6)

[K0] ¡ ¸0
i [M0]

@fÁgi

@x j
D fFgi (7)

where

fFgi D ¸0
i

@[M0]

@x j
C

@¸i

@x j
[M0] ¡

@[K]

@x j
fÁ0gi .8/

Equations (6–8) have been derived under the assumption that the
baseline eigenvectorshave been mass normalized. It can seen from
Eq. (6) that the computationof the eigenvalue sensitivities involves
a simple and straightforwardcalculation.However, computationof
the eigenvectorsensitivities is computationallyexpensive and more
involved because it involves the solutionof the singular set of equa-
tions in Eq. (7). A solution to Eq. (7) exists because fFgi is orthog-
onal to fÁ0gi . A unique solution to this equation is calculated by
making use of mass normalizationconditions.There exists a wealth
of methods in the literature for eigensensitivityanalysis (see, for ex-
ample, Refs. 16–18). A comparison study of some of the methods
can be found in Ref. 19. In the present study, Nelson’s method17 is
employed to solve Eq. (7) and compute the eigenvectorderivatives.
Note that, when the derivatives of more than one eigenvector are
desired, it would be computationallymore ef� cient to make use of
iterative schemes of the form proposed in Ref. 20.

Repeated Eigenvalues
When the baseline structure has repeated eigenvalues, the corre-

sponding eigenvectors are not unique. Also because the coef� cient
matrix in Eq. (7) is rank de� cient by a number greater than one,
the methods mentioned earlier cannot be directly applied. Hence,
to � nd the unique eigenvectors that are differentiable, an orthogo-
nal transformationhas to be employed to reorient the eigenvectors.
The formulation presented henceforth will remain unchanged for
cases with repeated eigenvalues.The only difference in the solution
procedure would be to replace the baseline eigenvectors with the
reoriented eigenvectors.Further details on eigensensitivityanalysis
proceduresfor structureswith repeated eigenvaluescan be found in
the literature.21;22

Improved First-Order Approximation
The proposed approximation procedure involves the use of the

baselineeigenvectorand the � rst-order approximationterm as basis
vectors for Ritz analysis of the perturbed eigenvalue problem.

An assumption is made that the eigenvectorof the perturbed sys-
tem can be approximated in the subspace spanned by fÁ0gi and
f1Ági , which is computed using Eqs. (5–8), i.e., an approximation
for the perturbed eigenvector can be written as

f OÁgi D ³1fÁ0gi C ³2f1Ági .9/

where ³1 and ³2 are the undeterminedscalarquantitiesin the approx-
imate representation of the perturbed eigenvector. The assumption
implicit in this propositionis that, even for moderate to large pertur-
bations in the structural parameters, the � rst-order approximation
yields a 1Ái vector, which usually gives a reasonable indicationof
the likely change of the baseline eigenvector, although the magni-
tude or even direction of change may be erroneous. Equation (9)
can be expressed in matrix form as

f OÁgi D [T]fZ g .10/

where [T] D [Á0
i ; 1Ái ] 2 <n £ 2 and fZgT D f³1; ³2g 2 <1 £ 2 .

SubstitutingEq. (10) into Eq. (3) and premultiplyingby [T]T , the
resulting set of equations can be expressed as

[KT ]fZg D ¸[MT ]fZ g .11/

where

[KT ] D [T]T [K][T] 2 <2 £ 2 .12/

and

[MT ] D [T]T [M][T] 2 <2 £ 2 .13/

Hence, theoriginaln £ n eigensystemis representedbya reduced
2 £ 2 eigensystem for each eigenmode to be approximated.
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A nontrivial solution to the scaling parameters, i.e., fZ g, can be
obtained only when ¸ is an eigenvalue of the matrix pair .[KT ],
[MT ]/. Hence, an approximationfor the eigenvalueof the perturbed
system can be computed by solving for the roots of the quadratic

a O̧ 2

i C bO̧
i C c D 0 .14/

where

a D m11m22 ¡ m2
12 (15)

b D 2k12m12 ¡ k11m22 ¡ m11k22 (16)

c D k11k22 ¡ k2
12 (17)

and ki j and m i j are the elements of the reduced stiffness and mass
matrices ([KT ] and [MT ]), respectively, the elements of which are
given as

k11 D fÁ0gT
i [K]fÁ0gi ; m11 D fÁ0gT

i [M]fÁ0gi

k12 D fÁ0gT
i [K]f1Ági ; m12 D fÁ0gT

i [M]f1Ági

k22 D f1ÁgT
i [K]f1Ági ; m22 D f1ÁgT

i [M]f1Ági

Solution of this quadratic give two values for the perturbed
eigenvalue, for example, O̧ min

i and O̧ max
i . Because the transformed

matrices [KT ] and [MT ] are real and symmetric, both O̧ min
i and O̧ max

i
will be real. The coef� cients ³1 and ³2 corresponding to these roots
can then be obtained from

³1 D 1:0 .18/

and

³2 D
k11 ¡ O̧

i m11

k12 ¡ O̧
i m12

.19/

Hence, the mass normalizedperturbedeigenvectorcan be written
as

f OÁgi D 1
fZgT [MT ]fZg

fÁ0gi ¡
k11 ¡ O̧

i m11

k12 ¡ O̧
i m12

f1Ági .20/

Criteria for Selection of Best Approximation
Now the question arises regarding which root to choose as the

best approximation for the perturbed eigenmode of interest. From
the inclusion principle, the following inequality relationshipcan be
established:

O̧ min
i · ¸

rqa0
i · O̧ max

i .21/

where ¸
rqa0
i is the zero-order Rayleigh quotient approximation

(RQA0), which is de� ned as

¸
rqa0
i D

fÁ0gT
i [K]fÁ0gi

fÁ0gT
i [M]fÁ0gi

.22/

Clearly, the root with the minimum magnitude should give the
best approximationfor the fundamentaleigenmode.The root corre-
sponding to maximum contributionfrom the baselineeigenvectoris
generally expected to give reasonable approximations for the other
modes, i.e., the root with maximum value of j³1=³2j. However, this
observationwas not found to apply for the higher modes, especially
when large perturbations lead to mode crossing. Hence, additional
heuristics have to be introduced to ensure conservative approxima-
tions. Five heuristic criteria are proposed to ensure conservativeap-
proximations.The root that satis� es most of these criteria is selected
as the best approximationfor that mode. These heuristic criteria are
as follows:1) maximum valueof j³1=³2j, 2) minimumdistancefrom
the zero-order Rayleigh quotient ¸

rqa0
i , 3) minimum distance from

¸0
i , 4) minimum magnitude, and 5) minimum distance from the root

selected for the previous mode.

Analogies with Other Approximation Procedures
The proposed approximationprocedure could also be interpreted

as an improved Rayleigh quotient approximation procedure with
one free parameter, i.e., ³2=³1 . It is interesting to note that such
procedures have been applied earlier with a great deal of success
to the determination of the fundamental frequency of continuous
structures.23 In fact, if the reanalysis problem were set up as � nding
the stationaryvalues of a Rayleigh quotient for each eigenmode, an
identical set of equations of the form derived earlier would result.

The eigenvalue approximation for mode i using the presented
approach can be rewritten as

O̧
i D

³1fÁ0gi C ³2f1Ági
T
[K] ³1fÁ0gi C ³2f1Ági

³1fÁ0gi C ³2f1Ági
T
[M] ³1fÁ0gi C ³2f1Ági

.23/

It can be seen that, for ³1 D ³2 , the presentmethod yields the � rst-
order Rayleigh quotient approximation (RQA1) for the perturbed
eigenvalue and the � rst-order Taylor series for the perturbed eigen-
vector. The RQA1 is

¸
rqa1
i D

fÁ0gi C f1Ági
T
[K] fÁ0gi C f1Ági

fÁ0gi C f1Ági
T
[M] fÁ0gi C f1Ági

.24/

If f1Ági is considered to be a very small quantity or the value
of ³2 is taken as zero, the present procedure reduces to the RQA0
de� ned earlier. The assumption made in this case is that the mode
shapes are invariant to the parametric perturbations.

It is of interest to note that an improved normalization scheme
proposed earlier by Eldred et al.11 was also developed on the line
of approach used here. Eldred’s method involved scaling of the
� rst-order approximationof the eigenvectorperturbation.The scal-
ing factor was determinedby enforcing the normalizationcondition
with respect to the perturbedmass matrix.This results in a quadratic
that may have imaginary roots. In contrast, because the present pro-
cedure involves determination of the scaling parameters via Ritz
analysis of the perturbed eigenvalue problem, real scaling factors
are guaranteed.Hence, the present procedure can also be viewed as
an improved eigenvector normalization scheme for iterative com-
putations.

Even though eigenvectororthogonalityconditionsare not explic-
itly enforced in the present approach, numerical experiments on
test problems indicate that the present method tends to maintain the
orthogonalityrelationshipsbetter than Taylor series approximation.

Computational Aspects
Once the eigensolution and sensitivity analysis of the baseline

structure for the eigenmodes of interest has been carried out, the
steps involved in the proposed procedure can be summarized as
follows:

1) The perturbationsin the stiffness and mass matrices [1K] and
[1M] are computed either using � rst-order sensitivity information
or via assembly of the system matrices of the perturbed structure.

2) The � rst-order approximationof the perturbation in the eigen-
vector is calculatedusing Eqs. (5–8), and the transformationmatrix
[T] is formed.

3) The elements of the reduced stiffness and mass matrices [KT ]
and [MT ] are calculated using Eqs. (12) and (13).

4) The coef� cients of the quadratic are calculated, following
which the approximate eigenvalues and eigenvectors are evaluated
for each eigenmode.

5) The best approximation is then estimated using the criteria
discussed earlier.

It can be observed from the formulation that an approximation
for the eigenvaluesand eigenvectorsof the perturbed system can be
calculatedby solvingfor the roots of a quadraticfor each eigenmode
of interest. The coef� cients of the quadratic equation can be easily
calculatedafter the � rst-orderapproximationof the perturbedeigen-
vector is computed. It can readily be shown that the operationcount
involved in calculation of the coef� cients of the quadratic is of the
orderof n2 for each eigenmode(assuminga fully populatedstiffness
and mass matrix). This implies that the computational cost of the
method is one order less than that required for decompositionof the
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Fig. 1 Planar truss structure, � ve bay.

perturbed stiffness matrix. Hence, the proposed procedure involves
only a few additionalcomputationswhen compared to conventional
� rst-order local approximation.

To improve the accuracy of the procedure, it may be desirable to
make use of second-orderapproximationterms, i.e., threebasis vec-
tors, at the cost of increased computations. It is shown later that the
use of two basis vectors alone can lead to good results for moderate
perturbationsin the stiffness and mass matrices. The proposed pro-
cedure could also be used to initialize iterative procedures, which
could lead to faster convergenceto the exact values of the perturbed
eigenparameters.

Demonstration Examples
The proposed procedure is applied to approximate dynamic re-

analysis of the 25-bar planar truss structure shown in Fig. 1. The
length and height of each bay is taken as 1 m. Young’s modu-
lus and the mass density are E D 2:1 £ 1011 N/m2 and ½ D 7:85 £
103 kg/m3, respectively.A � nite element model of the structurewas
developedusing rod elements with a total of 20 degreesof freedom.
A lumped mass matrix formulation was used in the analysis.

The design variables chosen are the cross-sectional areas of the
truss members. For simplicity of analysis, the design variables are
linked into � ve groups for each bay, as shown in Fig. 1. For the
baseline structure, all � ve of the variables are taken to be equal to
0.01 m2 . Corresponding to these values of the areas, the baseline
eigenparameters and their sensitivities are determined for the � rst
four eigenmodes.

Results are presentedfor two cases. The � rst case involves simul-
taneous perturbations in all � ve of the groups of variables. In the
second case, the effect of local perturbations are studied. For both
these cases, the results obtained using the present approach (PA)
are compared with those obtained using a � rst-order Taylor series
(TS1), RQA1, and RQA0.

To evaluate the accuracy of the approximation, two error indices
are de� ned. The eigenvector error (EVE) index for eigenmode i is
de� ned as

EVEi D
kf OÁgi ¡ fÁgi exactk f

kf OÁgi k f kfÁgi exactk f

.25/

where kf gk f is the Frobenius norm of the vector f g. The second
index is the percentageerror in approximationof the i th eigenvalue.

Results and Discussion
Case 1: Simultaneous Perturbations

The effectof simultaneousperturbationsin thedesignvariableson
the approximation procedure is studied � rst. The perturbed design
variable vector is written in the form

X D X0 C 0:01t [2:0; ¡0:5; 2:0; ¡0:5; 2:0]

where X0 D [0:01; 0:01; 0:01; 0:01; 0:01].
The precedingequations imply that the perturbationsin the struc-

tural parameters are studied in the range from ¡50 to 200% when
t is varied between 0 and 1. Note that, for this case, the structure is
constrained to be periodic throughout the range of perturbationsas
similar perturbationsare applied to each bay. Figures 2–5 presents
the error in approximation of the � rst four eigenvalues for increas-
ing values of t. The eigenvector approximation errors for different
values of t are summarized in Table 1. The following observations
can be made from these results:

1) As expected, TS1, RQA1, and RQA0 provide reasonable ap-
proximations only for small values of t . For large values of t , the
approximationerrorsfor all of themethods increase.As comparedto

Table 1 Eigenvector approximation error norms

EVE1 EVE2 EVE3 EVE4

t PA TS1 PA TS1 PA TS1 PA TS1

0.25 0.015 0.0028 0.0269 0.0561 0.0141 0.0528 0.0220 0.0440
0.50 0.0051 0.0111 0.0789 0.1938 0.0439 0.1832 0.0791 0.1566
0.75 0.0103 0.0253 0.1381 0.3842 0.0806 0.3680 0.1720 0.3189
1.00 0.0178 0.0478 0.2017 0.6010 0.1212 0.5833 0.3010 0.5072

Fig. 2 Comparison of approximation errors in � rst eigenvalue for
case 1.

Fig. 3 Comparison of approximation errors in second eigenvalue for
case 1.

TS1 and RQA1, the approximation errors using RQA0 ultimately
increase less rapidly as the value of t increases. The eigenvalue
approximations using RQA1 compare fairly well with the PA for
values of t up to 0.4.

2) It can seen from the results that the PA gives good-quality ap-
proximationsfor all four of the eigenmodesfor values of t up to 0.8.
This corresponds to simultaneous perturbations in all of the design
variables in the range from ¡40 to 160%. When t increases beyond
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Fig. 4 Comparison of approximation errors in third eigenvalue for
case 1.

Fig. 5 Comparison of approximation errors in fourth eigenvalue for
case 1.

this, errors in the second and fourth eigenmode increase consid-
erably. However, fairly accurate approximationswere obtained for
the � rst and third eigenmodes throughoutthe range of perturbations
considered here.

3) It can also be seen from the trends in the EVE norms (Table 1)
that, using the present approach, the errors in approximation of the
eigenvectors have been reduced considerably. Figure 6 compares
the shapes of the exact and approximatedeigenvectorsat t D 1:0. In
general, it was found that the differencesbetween the mode shapes
obtained using the PA and TS1 are quite small. However, the PA
appears to be closer to the exact eigenvector in terms of the sign
changes and magnitude in the various eigenvector components as
indicated by the value of the EVE.

4) Figure 7 compares the frequency-responsefunctioncalculated
using the eigenparameterapproximationswith results using the ex-
act eigensolution at the design point t D 0:8. The displacement re-
sponse is computedfor the horizontaldisplacementof joint 10 when
the structure is subject to transverse (vertical) excitation at joint 1.

Fig. 6 Comparison of the exact and approximated mode shapes at
t = 1:0 for case 1.

Fig. 7 Comparison of the approximated displacement response at t =
0:8 for case 1.

Modal damping of 0.5% has been assumed for these computations.
It can be seen from Fig. 7 that a reasonable approximation of the
frequency responsehas been achievedusing the PA. In comparison,
the errors found when using TS1 are substantial.

Case 2: Local Perturbations
The effect of perturbations of variable x1 in bay 1, x2 in bay 2,

x3 in bay 3, x4 in bay 4, and x5 in bay 5 is next studied in the range
from ¡100 to 300%. The perturbeddesign variablevector is written
as

X D X0 C 0:01t 1:0; ¡ 1
3 ; 1:0; ¡ 1

3 ; 1:0

Note that, at t D 3, the structuralmembers x2 and x4 in bays 2 and
4 are deleted from the baseline structure. A comparison of average
approximation error in the � rst four eigenvalues for the various
methods are shown in Fig. 8 as the parameter t is varied from 0 to
3. The average approximationerror in the � rst four eigenvectors for
the PA and TS1 are shown in Fig. 9. The following observations
may be made:

1) As noted earlier,TS1, RQA1, and RQA0 can only approximate
the perturbedeigenvalues for small changes in the system matrices.
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Fig. 8 Comparisonof average approximationerrors in � rst four eigen-
values for case 2.

Fig. 9 Comparisonof average approximationerrors in � rst four eigen-
vectors for case 2.

2) It can be seen from the results that the PA gives good ap-
proximationsthroughoutthe range of perturbationsconsidered.It is
interesting to note that, even though the parameter t takes the value
of 3 at one extreme, i.e., two members are deletedfrom the structure,
the average errors in the eigenvalueapproximationsare of the order
of just 5%. (The eigenvalue approximation errors for the � rst four
modes were 2.3, 4.6, 2.2, and 8.7%, respectively,at t D 3.)

3) Figure 10 compares the exact and approximated mode shapes
of the � rst four eigenmodes at t D 3:0. As mentioned earlier for
case 1, no signi� cant differences exist between the approximated
mode shape using the PA and TS1. However, the PA gives con-
siderably better approximations in terms of the EVE norm; see
Fig. 9.

4) Figure 11 compares the approximated frequency response us-
ing TS1 and the PA for t D 2:5. The loading case considered is the
same as in case 1. It can be seen that, using the PA, a signi� cantly
better approximation can again be obtained as compared to TS1.

Fig. 10 Comparison of the exact and approximated mode shapes at
t = 3:0 for case 2.

Fig. 11 Comparison of the approximated displacement response at
t = 2:5 for case 2.

Concluding Remarks
An improved � rst-order approximation procedure for reanaly-

sis of eigenvalues and eigenvectors of modi� ed structural dynami-
cal systems has been presented. It is shown via two demonstration
examples that the PA can be used to obtain reliable estimates of
the natural frequencies, mode shapes, and forced responses for si-
multaneous perturbation in structural parameters of the order from
¡40 to C160%. Studies on the effect of local perturbations in the
structure indicate that good results can be obtained for very large
changes, including deletion of some structural members. Detailed
comparison studies with other local approximation techniques in-
dicate that signi� cant improvements are achieved with a relatively
small extra computational effort. (However, further testing of the
presentmethod is required for structureswith more complex modal
behavior.)

It is expected that the present formulation may � nd applications
in the areas of structural optimization and identi� cation. Note here
that extension of the PA to approximate eigensensitivity analysis
is straightforward and could lead to computationally ef� cient pro-
cedures for structural design with dynamic response constraints.
However, more basis vectors might be required for ensuring accu-
racy in the approximate sensitivity analysis procedure. The choice
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of additional basis vectors is an open research topic. Approaches
for interweaving the present method into an iterative scheme of the
form presented by other investigators also merit consideration.
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